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Intro

• Dynamic Discrete Choice models have become a hallmark ofempirical ecomomics.
• Applica�ons in Labor, IO, healh, development, poli�caleconomy, ...
• Aguirregabiria and Mira (2010) is an excellent survey
• Today we use Keane and Wolpin (2009) to develop a simpledynamic labor supply model.
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Common Setup
• We focus on a binary choice dit ∈ 0, 1. Dit is history of pastchoices.
• The latent variable vit is the difference between payoffs.
• Xit are observed state variables , ε is unobserved (by us!)
• Whether vit depends on en�re Dit or just dit, and how Xevolves, determines whether sta�c or dynamic model.

dit =

{
1 if vit(dit, Xit, εit) > 0
0 if vit(dit, Xit, εit) ≤ 0
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Labor Supply of Married Women

• Consider a sta�c model: no intertemporal dependencies.
• U�lity for married woman i in period t from working (op�on 1)vs not working (op�on 0) with ni small children is

U1
it = yit + wit − πnit (1)

U0
it = yit + xitβ + εit (2)

• where yit is the husband’s income. Let’s write the difference inthose u�li�es as U1
it −U0

it
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Latent Value

vit(xit, wit, nit, εit) = wit − πnit − xitβ− εit

• define the work indicator dit = 1[U1
it > U0

it]

• Observed state space: Ωit = (xit, wit, nit)

• Unobserved by us: ε
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Discrete Choice
• This is a threshold-crossing problem.
• Woman i will work in t if U1

it > U0
it

• I.e. if vit(xit, wit, nit, εit) > 0. At vit(xit, wit, nit, εit) = 0 she isindifferent
• Call the ε that solves this the cri�cal epsilon ε∗(Ωit).

i chooses to
{work in t if εit < ε∗(Ωit)⇒ U1

it > U0
itnot work in t if εit > ε∗(Ωit)⇒ U1

it < U0
it
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Setup
• Assume ε is independent of Ω

• then,
Pr[dit = 1|Ωit] =

∫ ε∗it

−∞
dFε(ε|Ωit) =

∫ ε∗it

−∞
dFε(ε)

• We have Pr[dit = 0|Ωit] = 1− Pr[dit = 1|Ωit]

• Likelihood for a random sample of N females observed for Tperiods is
L(β, π, Fε; xit, wit) = ΠN

i=1ΠT
t=1 Pr[dit = 1|Ωit]dit Pr[dit = 0|Ωit]1−dit

No�ce that there are no dynamics in the model up to now!
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Slightly More Realis�c Wage
Poten�al Experience

• let’s add poten�al experience
• poten�al experience: (age - educ - 6)

wit = γzit + ηit

Now:

vit(xit, zit, nit, εit, ηit) = γzit − πnit − xitβ + ηit − εit (3)
= ξ∗it(Ωit) + ξit (4)

where ξ = η − ε is your new composite iid error, and
ξ∗it(Ωit) = γzit − πnit − xitβ.
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Likelihood condi�onal on wage

• The likelihood now is the likelihood of observing work, dit = 1,and a certain wage wit.
L(β, π, Fε; xit, wit) = ΠN

i=1ΠT
t=1 Pr[dit = 1, wit|Ωit]dit (5)

× Pr[dit = 0|Ωit]1−dit

and we have
Pr[dit = 1, wit|Ωit] = Pr[dit = 1, ηit = wit − γzit]
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Iden�fica�on
• We have two latent processes:

wit =

{
γzit + ηit if work
0 else

dit =

{
1 if ηit − εit = ξit > −ξ∗it(Ωit)

0 else.
• If we Assume that (ε, η) are joint normally distributed with

µ =

[
0
0

]
, ∆ =

(
σ2

ε ·
σεη σ2

η

)

then we get a standard Heckman selec�on model.
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Iden�fica�on
Iden�fied Parameters

1 βπ and π are not separately iden�fied: set π = 0.
2 Want to iden�fy β, γ, σ2

ε , σ2
η , σεη .

3 Let’s remind ourselves of the workings of the Heckman modelfirst.
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Heckman Selec�on Model
Setup

Suppose our latent process of interest is
y∗1i = x′1iβ1 + u1i

with E(u1|x1) = 0. We observe y1 as
y1i =

{
y∗1i if y∗2i = x′2iβ2 + u2i > 0
0 else.
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Heckman Model
• We can’t run OLS on the selected sample where y∗2i > 0:

E(u1i|y∗2i > 0) = E(u1i|x′2iβ2 + u2i > 0) (6)
= E(u1i|u2i > −x′2iβ2)

6= 0

if u1, u2 correlated.
• But with our joint normal�y assump�on, we can write

E[u1|u2] = 0 +
σ12

σ2
2

u2

• hence, any u1i can be decomposed into a condi�onal mean andan error:
u1i =

σ12

σ2
2

u2i + ε1i,with ε1i ∼ N (0, σ2
ε ), independent of u (7)
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Heckman Selec�on

• Subs�tute (7) into (6):
E(u1i|y∗2i > 0) = E(

σ12

σ2
2

u2i + ε1i|u2i > −x′2iβ2)

=
σ12

σ2
2

E(u2i|u2i > −x′2iβ2) + E(ε1i|u2i > −x′2iβ2)

=
σ12

σ2
2

E(u2i|u2i > −x′2iβ2)
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Heckman Selec�on
• Then use a well-known result about truncated normals:

σ12

σ2
2

E(u2i|u2i > −x′2iβ2) =
σ12

σ2

φ
(
−x′2iβ2

σ2

)
1−Φ

(
−x′2iβ2

σ2

)
=

σ12

σ2

φ
(

x′2iβ2
σ2

)
Φ
(

x′2iβ2
σ2

)
=

σ12

σ2
λ

(
x′2iβ2

σ2

)
• λ(·) is the inverse Mills ra�o.
• So we iden�fy β2

σ2
. Heckman model usually imposes σ2 = 1.
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Iden�fica�on Again
• Similarly here:
• Work choices iden�fy β

σξ
, γ

σξ

Pr[dit = 0] = Pr[ξit < −(zitγ− xitβ)]

= Φ
(
−zitγ− xitβ

σξ

)

• The wage equa�on iden�fies γ and σ2
η

• Iden�fying σξ requires an exclusion restric�on.
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Exclusion Restric�on

• In the likelihood func�on (5) there are 3 types of variables.
1 things only in z (i.e. wage-related)
2 things only in x (i.e. leisure-related)
3 things in both.

• with (wage params) γ in hand, we need at least 1 element in zthat is not in x to iden�fy σξ and σηε

• here, either educa�on or experience should not affect leisure.
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Why Assume Structure?
Part 1

• One could es�mate Pr[dit = 0] non-parametrically, right?
• True. But, separa�ng budget set from preferences allows us todo counterfactual analysis.
• Suppose we want to know effect of implemen�ng childcaresubsidy. Couple gets τ > 0 dollars if woman works.
• new budget of couple is then:

Cit = witdit + yit + τditnit
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Why Assume Structure?
Part 2

• Then resul�ng probability of work is
Pr[dit = 1|zit, xit, nit] = Pr[ξit > −(zitγ− xitβ + τnit)]

= Φ
(

zitγ− xitβ + τnit

σξ

)

• Without an es�mate of σξ we cannot say anything about the
expected effect of the reform!
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Dynamic Version
• Up un�l now, there was no connec�on between today’s choicesand tomorrow’s value.
• Even if we imposed forward-looking behaviour, this was a sta�cop�miza�on problem.
• Now suppose the woman’s wage increases with experience h:

wit = zitγ1 + hitγ2 + ηit (8)
where hit = ∑

j=t−1
j=1 dij

• Clearly working today has implica�ons for the value oftomorrow (through higher wage).
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Dynamic Model Setup
• We define the remaining life�me u�lity at age t as

Vt(Ωit) = max
dit

E

{
j=T

∑
j=t

δj−t
(

U1
itdit + U0

it(1− dit)
)
|Ωit

}
(9)

• with Ω as before plus hit, and hit = hit−1 + dit−1

• We can write the value func�on also as
Vt(Ωit) = max(V0

t , V1
t )

with
Vt(Ωit)

j = Uj
it + δE [Vt+1(Ωit+1)|Ωit, dit = j] , j = 0, 1

24 / 28



Dynamic Model
Latent Variable Formula�on

• Similarly to before, the latent variable is
vit(xit, zit, hit, nit, εit, ηit) = γ1zit + γ2hit − xitβ + ηit − εit

+ δE [Vt+1(Ωit+1)|Ωit, dit = 1]
− δE [Vt+1(Ωit+1)|Ωit, dit = 0]
= ξ∗it(Ωit) + ξit (10)

• The only difference between (10) and (3) is the difference infuture values.
• So, es�ma�on would proceed as in the sta�c case...
• ... a�er having computed E

[
max(V0

t (Ωit), V1
t (Ωit))

] at all Ωit.
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Es�ma�on of the Dynamic Model
• Suppose we have a panel including hit of work spells (t1i, tLi)

• Our likelihood func�on becomes
L(θ, xit) = ΠN

i=1ΠtLi
j=t1i

Pr(dij = 1, wij|Ωij)
dij Pr(dij = 0|Ωij)

1−dij

(11)
• and as before,

Pr(dij = 1, wij|Ωij) = Pr(ξij ≥ −ξ∗ij(Ωij), ηij = wij − zijγ1 − γ2hij)

Pr(dij = 0|Ωij) = 1− Pr(ξij ≥ −ξ∗ij(Ωij))
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Iden�fica�on of Dynamic Model

• The difference in future values in (10) is a non-linear func�on G:
vit(xit, zit, hit, nit, εit, ηit) = γ1zit + γ2hit − xitβ + ηit − εit

+ δG(zit, hit, xit)

• Func�onal/distribu�onal form assump�ons on G alone may beenough to iden�fy δ.
• We require the same exclusion restric�on as before foriden�fica�on not based on func�onal form.
• Experience h should not affect leisure.
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